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1. INTRODUCTION
In this paper, we consider finite dimensional representations of finite
(and algebraic) groups in positive characteristic p and show that under
very mild hypotheses (which are necessary) if the dimension is sufficiently
small, then the representation is completely reducible.
More precisely, we show:
Theorem A. Let k be a field of positive characteristic p. Let G be a finite
group containing no nontrivial normal p-subgroup. Let V be a kG module
such that G acts faithfully on V .
(a) If dim V ≤ p− 2, then V is completely reducible;
(b) If dim V ≤ p− 3, then H1G;V  = 0.
Note that (b) follows from (a). The second result answers a variation
of a conjecture of Serre [Se] (the original conjecture had a slightly larger
dimension for the module). In fact, both results are best possible. If G = Ap
with p ≥ 5 or G = PSLnq with p = qn − 1/q − 1, then there are
irreducible kG-modules of dimension p− 2 with dimH1G;V  = 1. There
are a few other sporadic examples as well. This implies that the module
of derivations from G to V , DerG;V, is an indecomposable module of
dimension p − 1. There are also various other indecomposable modules
with composition length 2 of dimension p− 1 for PSL2p.
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Let G be a finite untwisted simply connected Chevalley group over the
field F of q elements. Let V be the adjoint module for G. A standard lifting
argument shows that if H2G;V  = 0, then G embeds in GR where R
is a complete local ring of characteristic 0 with residue field of size q. In
particular, G has a characteristic 0 representation of small degree—as small
as the minimal degree of a representation of the corresponding algebraic
group in characteristic 0. However, this is not usually the case. For example,
if G = SLnq, then, with finitely many exceptions, the minimal degree of
a characteristic 0 representation is qn − 1/q − 1 − 1 while of course
SLnR would have a representation of degree n.
This shows that the analogous result for H2 fails. However, we do hope
to obtain some results in this direction in future work.
The way we prove Theorem A is to first classify all faithful modules of
dimension at most p − 3 for groups G with no normal p-subgroup. This
result is of independent interest. We show that G is essentially a direct
product of Chevalley groups. For those groups, Jantzen [Ja] proves the
semisimplicity result (except for groups of type A1 where we apply [ALP]).
Theorem B. Let G be a finite subgroup of GLnk where k is a field of
characteristic p with p ≥ n− 3. Assume that G has no normal p-subgroups
and that G is generated by its elements of order p. Then either G is a central
product of finite quasisimple Chevalley groups in characteristic p or G = J1,
p = 11, and n = 7 or 8.
The proof depends on the classification of finite simple groups and lower
bounds for the dimension of modules for these groups. We can then use
Jantzen’s result [Ja].
Note that for p ≤ 3, there is essentially no content to the theorems stated
above (the statements can be improved slightly for p ≤ 3). So we assume
that p ≥ 5.
There are variations on Theorem B that one can prove and that are use-
ful in other contexts. We will explore this in joint work with Saxl. This
idea already was used in the classification of subgroups of GLnq contain-
ing elements of prime order acting irreducibly on a subspace of dimension
greater than n/2 [GPPS]. The recent work of McNinch [Mc1, Mc2] which
substantially improved the results in [Ja] will be used in this context.
There is also a version for algebraic and indeed even for arbitrary sub-
groups of GLnk.
Theorem C. Let k be an algebraically closed subfield of positive charac-
teristic p. Let G be a subgroup of GLV  where V is a vector space over
k of dimension n. Let G¯ denote the closure of G in the Zariski topology on
GLV .
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(a) Suppose n ≤ p − 2. Then V is completely reducible if and only if
G¯ has no nontrivial normal unipotent subgroup.
(b) Suppose G is closed and contains no normal unipotent subgroups.
If n ≤ p− 3, then H1G;V  = 0.
In a beautiful paper, Nori [No] proved weaker versions of these results
over the prime field (if p is sufficiently large compared to n, then these
results hold). However, he used scheme theoretic ideas. Our proof depends
on the classification of simple groups. Nori was partially motivated by the
need for such results by Serre in his study of Galois group actions on torsion
points of abelian varieties (see [Se]).
Recently, Larsen and Pink [LP] proved a marvelous result—a version of
Jordan’s theorem about finite subgroups of GLn that holds in arbitrary
characteristic. A special case of this result is that there is a constant kn
so that a finite simple subgroup of PGLn; F whose order is at least kn
is a Chevalley group in the same characteristic as F . See [LP, Theorem 0.3].
This can be thought of as a weak classification of finite simple groups of
bounded linear degree.
Both Nori’s result (for the prime field) and the Larsen–Pink result can
be viewed as qualitative versions of Theorem B (but of course their results
do not use the classification of finite simple groups).
Let G be a subgroup of GLnF with F an algebraically closed field of
characteristic p. Assume that p ≥ n. Let UG denote the set of unipo-
tent elements in G. Then one can naturally define logg for g ∈ UG
and expA for A a nilpotent element of MnF. These functions are just
polynomials in degree n− 1 (since all higher terms become trivial).
Let Gˆ denote the subgroup generated by expt loggt ∈ F; g ∈
UG. Note that Gˆ is a connected algebraic group. Nori also showed
a connection between G and the Fp points of Gˆ for p sufficiently large
(compared to n). We can improve his result under mild hypotheses. If G
is a group and p a prime, let Gp denote the subgroup of G generated
by its elements of order p. Recall that OrG is the maximal normal r-
subgroup of G (this always exists for finite groups and indeed for algebraic
groups).
Theorem D. Let G be a finite subgroup of GLnFp with OpG = 1,
where Fp is the field of p elements. Let F be the algebraic closure of Fp. If
p ≥ n + 3, then the subgroup Gp of G generated by its elements of order p
equals GˆFp, the group of Fp-rational points of Gˆ, unless p = 11, n is 7 or
8, Gp = J1, and Gˆ = G2F.
The assumption that OpG = 1 is probably unnecessary.
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2. THE PROOF OF THEOREM B
We first prove the result for subgroups with a noncentral normal solvable
subgroup (and in particular, for solvable groups).
Lemma 2.1. Let k be an algebraically closed field of positive characteristic
p. Let G be a closed subgroup of GLnk and assume that OpG = 1. Sup-
pose that G contains a normal solvable noncentral subgroup. If G is generated
by its elements of order p, then n ≥ p− 1.
Proof. Let V be the underlying module. We may assume that V is
semisimple (if not, let V ′ be the G-module which is the direct sum of the
composition factors of V ; since OpG = 1, V ′ is a faithful G-module of
the same dimension as V ).
Let N be a minimal normal solvable closed noncentral subgroup of
G (which exists by hypothesis). Since G contains no normal p-subgroup,
N/N ∩ZG is an abelian r-group for some prime r 6= p (even in the case
of algebraic groups).
Note that if G permutes nontrivially the homogeneous N-components of
V , then there would be at least p such components (since G is generated
by elements of order p). Then dim V ≥ p as required.
So we may assume that V is N-homogeneous. In particular, as N is
noncentral, N is nonabelian. Thus, the commutator subgroup N ′ of N is
central and cyclic of order r and N/N ′ is elementary abelian of order rb
for some prime r 6= p. It is easy to see that (by minimality) if r is odd, then
N is extraspecial of exponent r. If r = 2, then N = ZNE, where E is
extraspecial and ZN ≤ ZG has order 2 or 4. Thus, b = 2a and dim V
is a multiple of ra.
Since G is generated by elements of order p, there exists an element
x of order p in G which does not centralize N . So we may assume that
G = N;x. Then x induces a nontrivial automorphism of N/ZN (be-
cause if x;N ≤ ZN, then xr and so x centralizes N). Also, x preserves
the alternating form on N/ZN defined by the commutator map—thus, x
induces an element of Sp2ar. Hence p divides the order of Sp2ar. Thus,
p is at most ra + 1 (just consider the formula for the order of the sympletic
group). Thus p ≤ ra + 1 ≤ dim V + 1 as required.
Note that n = p− 1 can occur but only if p is a Fermat prime.
Recall that a group G is quasisimple if it is perfect and is simple and
nonabelian modulo its center. G is almost quasisimple if G has a unique
minimal normal subgroup properly containing ZG and this subgroup is
quasisimple.
Lemma 2.2. Let G = Q1 × · · · × Qt be a direct product of quasisimple
groups. Let k be algebraically closed. Let d be the minimum dimension of a
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nontrivial projective kQi-module. If V is a kG-module such that CV G ≤
ZG, then dim V ≥ dt.
Proof. We induct on t. Let V be a counterexample of minimum dimen-
sion. We may replace Qi by its covering group and thus assume that every
irreducible projective representation lifts to an ordinary representation.
If V is irreducible, then V is a tensor product of irreducible Qi-modules,
whence dim V ≥ dt ≥ td.
Let U be a proper nonzero irreducible nontrivial kG-submodule of V .
If CUG ≤ ZG, the result follows by minimality. Otherwise, we may
assume that Q1 acts trivially on U . So V = V1 ⊕ V2 where Q1 acts trivially
on V1. Thus, si factors act nontrivially on Vi with 1 ≤ si < t and s1 + s2 ≥ t.
So by induction, dim V = dim V1 + dim V2 ≥ s1d + s2d ≥ td.
Theorem 2.3. Let G be a finite group which is almost quasisimple. As-
sume that G is generated by its elements of order p. If V is an irreducible
kG-module with k of characteristic p with dim V ≤ p − 3, then G is qua-
sisimple and either G is a Chevalley group in characteristic p or G = J1,
n = 7, and p = 11.
Proof. Let S = F∗G/ZG. If S is sporadic, then this follows from
known bounds on the minimal dimension of projective representations of S
(see [KL, 5.3.8] and [JLPW]). The only case that occurs is S = J1. The fact
that n = 7 and p = 11 is the only possibility follows from [JLPW]. Since
J1 has trivial Schur multiplier and trivial outer automorphism group, this
implies that G = J1 as allowed.
If S = An with n ≥ 5, then for n ≥ 10 , the smallest projective represen-
tation for S is dimension n − 2 (see [KL, 5.3.5, 5.3.6]). Of course, p ≤ n.
For n < 10, this follows by inspection (see [JLPW]).
We now consider the case where S is a group of Lie type over GFs
with p not dividing s. The main tool is the result of Landazuri and Seitz
[LS] and improvements of this as in [SZ], [GPPS], [Ho1], and [Ho2], which
gives strong lower bounds on n. This, together with an upper bound on p
obtained easily by inspection of the order of AutS, will yield the result.
Let rmax denote the largest prime dividing the order of AutS. Thus,
p ≤ rmax. See [He, Table 2] for the case where r divides S (and one easily
sees that this bound is valid for AutS as well). Thus we have n ≤ rmax − 3.
In contrast, the Landazuri–Seitz bounds [LS, 5.3.9] as improved in [SZ],
[GPPS], [Ho1], and [Ho2] give a lower bound dmin for n in terms of the
parameters of S.
So we have that dmin ≤ rmax − 3. In almost all cases, these upper and
lower bounds on n are incompatible for all, or many, values of s, and we
are able to rule out these families without further argument.
Note the following.
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(a) If S is 2G2s, then we may assume that s ≥ 27 since 2G23′ is
isomorphic to L 28. Also in this case 2G2s = s3s3 + 1s − 1, with
s = 32m+1 and s3 + 1 = s+ 1s+ 3s1/2 + 1s− 3s1/2 + 1, from which
it follows that p ≤ s + 3s1/2 + 1.
(b) Similarly if S is 2B2s, with s = 22m+1 ≥ 8, then S = s2s2 +
1s − 1 and s2 + 1 = s + 2s1/2 + 1s − 2s1/2 + 1, whence p ≤ s +
2s1/2 + 1.
(c) If S is G2s, we may assume that s > 2 as G22′ is isomorphic
to PSU 33.
(d) Since, for s even, the odd dimensional orthogonal group 2m+1s
is isomorphic to Sp 2ms, when considering 2m+1s we will assume that s
is odd.
(e) If S is Sp 2ms, we may assume that m; s 6= 2; 2 since
Sp 42′ ∼= A6.
(f) If S is PSUms, m ≥ 3, then we have m; s 6= 3; 2 since this
group is solvable. If m; s = 4; 2, then, since PSU 42 ∼= PSp 43 we
need only consider p = 5. It follows from [JLPW] that there are no 2-
dimensional representations.
(g) If S = L32 = L27, there is nothing to prove.
In some of the families of groups in Tables I and II, there remain a few
cases for small values of s which require separate attention. The only excep-
tional groups in this category are the Tits simple group 2F42′, 2B28 =
Sz8, and G23 and G24. The classical simple groups in this category
are −8 2, +8 2, Sp 62 and Sp 44, and PSU 43 (see (f) above).
TABLE I
Exceptional Groups
S dmin rmax Comments
E8s s27s2 − 1 s8 + s7 − s5 − s4 − s3 + s + 1
E7s s15s2 − 1 s6 + s5 + s4 + s3 + s2 + s + 1
E6s s9s2 − 1 s6 + s3 + 1
2E6s s9s2 − 1 s6 − s3 + 1
F4s s6s2 − 1 s4 + 1 s odd
s7s3 − 1s − 1/2 s4 + 1 s even, s ≥ 4
44 s4 + 1 s = 2
2F4s s4s − 1 s2 1/2 s4 − s2 + 1 s > 2
3D4s s3s2 − 1 s4 − s2 + 1
G2s ss2 − 1 s2 + s + 1 s ≥ 5
2G2s ss − 1 s + 3s1/2 + 1 s = 32m+1 ≥ 27




S dmin rmax Comments
L 2s s − 1/2 s + 1/2 s ≥ 11, s odd
L 2s s − 1 s + 1 s ≥ 8, s even
L ms sm − 1/s − 1 − 2 sm − 1/s − 1 m ≥ 3, m; s 6= 3; 2; 3; 4; 4; 2; 4; 3
2m+1s s2m−1 − 1 sm + 1/2 m ≥ 3, s > 5
sm−1sm−1 − 1 sm + 1/2 s = 5, or s = 3 and m > 3
27 13 s = 3, m = 3
P−2ms sm−1 + 1sm−2 − 1 sm + 1/4; sm − 1 m ≥ 4, m; s 6= 4; 2
P+2ms sm−1 − 1sm−2 + 1 sm − 1/s − 1 m ≥ 4, s 6= 2; 3; 5
sm−2sm−1 − 1 sm + 1/4; sm − 1 m ≥ 4, s = 2; 3; 5, m; s 6= 4; 2
Sp 2ms sm−1sm−1 − 1s − 1/2 sm + 1 m ≥ 2, s even, m; s 6= 2; 2; 3; 2
Sp 2ms sm − 1/2 sm + 1/2 m ≥ 2, s odd m; s 6= 2; 3
PSUms sm − 1/s + 1 sm−1 + 1/s + 1 m ≥ 6, m even
s4 − 1/s + 1 s2 + 1 m = 4, s 6= 2; 3
PSU 2m+1 sm − s/s + 1 sm + 1/s + 1 m; s 6= 1; 2
In all these cases, one observes that the result still holds (see [JLPW]).
We last consider the case where S is a group of Lie type over GFs with
ps. All that remains to show in this case is that G is quasisimple. If not,
G would admit an outer automorphism of order p. This implies that this
automorphism would be a field automorphism (as p > 3, it can not be a
graph automorphism and diagonal automorphisms have order prime to p).
Thus, an irreducible module would be a tensor product of at least p twists
of a restricted module and so would have dimension at least 2p.
This completes the proof.
We now prove Theorem B. Let N be a minimal normal subgroup of G
which is not central. By Lemma 2.1, N cannot be solvable. Thus, N/N ∩
ZG is a direct product of isomorphic nonabelian simple groups. The min-
imality implies that N is a central product of isomorphic quasisimple sub-
groups. By Theorem 2.3, each such quasisimple subgroup either is of Lie
type in characteristic p or is J1 with p = 11. In the latter case, n ≤ 8,
whence we see that J1 is irreducible with either n = 7 or n = 8. Since
H1J1;W  = 0 for W , the irreducible 7-dimensional module 2(see below),
it follows that if n = 8, then the module is a direct sum of a 7-dimensional
module and a trivial module. Thus, the centralizer of J1 contains no ele-
ments of order 11 and so G = N = J1.
So N is a central product of quasisimple groups Qi; 1 ≤ i ≤ t, which are
Chevalley groups in characteristic p. We claim that each quasisimple group
Qi is normal in G. If not, some element of order p fails to normalize Qi.
This element would then have an orbit of size p on the set of Qi. Thus,
t ≥ p and Lemma 2.2 yields a contradiction.
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We claim that G = N . It suffices to assume that V is semisimple for this
assertion (replace V by W , the direct sum of its irreducible constitutents,
then CGW  = OpG = 1). If G 6= N , then this element of order p outside
N must act faithfully on some irreducible submodule. So we may assume
that V is irreducible. Let Q = Qi. We claim that V is homogeneous for Q
(any element of order p either permutes at least p of these components
or fixes all of them). It follows that V = W ⊗U where W is an irreducible
G-module which is also irreducible for Qi and U is an irreducible (pro-
jective) G/Qi-module. By Lemma 2.2, the action of G on W must just be
Qi. By induction, we see that the action of N and G coincide on U as
well.
Now Theorem B follows immediately.
3. THEOREMS A AND C
Now Theorems A and C follow easily.
Note that part (b) of Theorem A follows immediately from part (a). So
it suffices to prove part (a). We apply Theorem B. If G = J1 and p = 11,
then the only nontrivial composition factor has dimension 7. Since L211 is
a subgroup of J1 containing the Sylow 11-subgroup, we have H1J1; V  =
H1L211; V  = 0 (where the last equality follows from [AJP]). So we
may assume that G is a central product of quasisimple Chevalley groups
in characteristic p. If G is quasisimple and is not of type A1 (i.e., not a
homomorphic image of SL2pa), then V is semisimple by the main result
of [Ja]. If G is of type A1, the result follows from the main theorem of
[AJP].
If the result is false, then there are 2-simple G-modules V1 and V2
with dim V1 + dim V2 ≤ p − 2 so that ExtGV1; V2 6= 0—or equivalently
H1G;V1 ⊗ V ∗2  6= 0. Set M = V1 ⊗ V ∗2 . Then the inflation–restriction
sequence yields the exact sequence
0→ H1G/Q;MQ → H1G;M → H1Q;M;
where Q is a quasisimple normal subgroup of G. The left hand term is 0
by our remarks above and the right hand term is 0 by induction on G
(or the number of quasisimple normal subgroups). Thus, H1G;M = 0 as
claimed.
The proof of Theorem C is identical. We may assume that G is closed.
Then the argument shows that either G = J1 (with p = 11 and n = 7 or
8) or G is a central product of finite quasisimple Chevalley groups in the
natural characteristic and simple algebraic groups. Again, by [Ja], the result
holds for the algebraic groups.
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4. EXPONENTIALS AND LOGARITHMS
Let p ≥ 5 be prime. Let Fp denote the prime field of p elements and set
F to be its algebraic closure. Let G be a subgroup of GLnF. Let UG
denote the set of unipotent elements in G. Let logG be the F-linear span
of of loggg ∈ UG. Assume that p ≥ n. Let G∗ denote the algebraic
subgroup of GLnF generated by expt loggt ∈ F; g ∈ UG. Since
p ≥ n, the usual formulas for log and exp hold for nilpotent and unipotent
elements, respectively.
If p > n+ 2, then by Theorem B, we know that Gp (the subgroup gen-
erated by elements of order p) is a central product of Chevalley groups (or
Gp = J1 with p = 11 and n = 7 or 8).
Since our results are about Gp, we assume that G = Gp. We first consider
some special cases.
We first state an easy result.
Lemma 4.1. Assume that p ≥ n and that U is a unipotent subgroup of
GLnF. If u; v ∈ U , then loguv is in the F-Lie algebra generated by logu
and logv.
Proof. We may assume that U is contained in the subgroup of upper
triangular unipotent matrices. Let L denote the Lie algebra generated
by logu and logv. Let N denote the Lie algebra of upper triangular
nilpotent matrices. Since exp is injective on N , it suffices to show that
uv ∈ expL. This follows by the Baker–Campbell–Hausdorff formula.
Lemma 4.2. Let G be a finite quasisimple Chevalley group and let V be
a FG-module of dimension n with p ≥ n. Assume that V is a direct sum of
restricted FG-modules. Then G∗ is a simple algebraic group of the same type
as G.
Proof. Let pix G → GLV  denote the corresponding representation.
Write V = ⊕Vi with the Vi restricted irreducible modules. There is no loss
in assuming that the Vi are nonisomorphic. By the representation theory of
Chevalley groups, we know that pi extends uniquely to a restricted repre-
sentation of X, a simple algebraic group of the same type as G.
Let L be the Lie algebra of X. Then dpix L→ glV  gives a representa-
tion of L where the Vi are the irreducible L-submodules of V .
We first claim that X∗ = X. We claim that logg ∈ L. Let B be a
Borel subgroup of X and assume that g ∈ B. It follows by [MVW, 4.6]
that logUα ⊂ L for each root α (where Uα is the corresponding root
subgroup). By the previous lemma, it follows that logg ∈ L.
Thus, X∗ is contained in the subgroup generated by expX where X ∈ L
is nilpotent. Since exp gives a bijection from the variety of nilpotent ele-
ments of L and the unipotent elements of X∗, it follows that X and X∗
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contain precisely the same unipotent elements. Thus, X = X∗. Finally, we
claim that G∗ = X. If not, then G∗ = Y is a proper algebraic subgroup of
X. The assumption on p guarantees that L (under the adjoint represen-
tation) is a restricted irreducible module for both X and G. In particular,
Y is irreducible on L as well. However, the Lie algebra of Y is a proper
invariant submodule.
Lemma 4.3. Let G be a finite quasisimple Chevalley group and let V be
an FG-module of dimension n with p ≥ n.
(a) Let Fq be the field of definition for G with q = pa. Then G∗ is a
product of at most a simple algebraic groups of the same type as G.
(b) Assume moreover that Fp is a field of definition for V . Then
G∗Fp = G.
Proof. (a) By Jantzen [Ja] (or Theorem A), we know that V is semisim-
ple. Let pix G → GLV  be the corresponding representation. We may
assume that no irreducible module occurs more than once. By Steinberg’s
tensor product theorem, we may write V as a direct sum of irreducible
modules of the form W1 ⊗ · · · ⊗Wa where Wi is a twist of a restricted mod-
ule by f i where f is the Frobenius map on Fq (this is clear if G is split—see
[KL, 5.4.6 and 5.4.7] for a discussion of the case where G is twisted; note
that p ≥ 5). Thus, we may extend pi to a representation of a semisimple
group S = X1 × · · · × Xa where Xi ∼= X (the simple algebraic group of
the same type as G) in such a way that for each factor Y , V Y is (up to a
fixed Frobenius twist) a direct sum of restricted irreducible modules. Thus,
G∗ ≤ S∗ = X∗1 · · ·X∗a . Note that the inequality on p guarantees that if A
and B commute, then AB∗ = A∗B∗.
Of course, if Xi is trivial on V , then X
∗
i = 1. Otherwise, the previous
lemma implies that X∗i = Xi. We claim that G∗ = S∗. By the previous
lemma, G∗ projects onto each X∗i . On the other hand by [MVW, 4.7],
it follows that G∗ contains an element which is trivial in all but the ith
coordinate (assuming that Xi is nontrivial). This completes the proof of (a).
If V is defined over Fp, then no Xi can act trivially (otherwise, the mod-
ule would not be invariant under the Frobenius). Thus, we see that G∗ is
a product of a copies of X. The same argument shows that the Frobe-
nius automorphism θ must permute transitively the a copies of X. Thus,
G∗Fp ∼= XFq. Since G∗Fp contains G, which is an Fq form of X, it
follows that G∗Fp = G as desired.
Remark. In general, if V is a semisimple module for a quasisimple finite
Chevalley group G, then one can consider what Serre calls the algebraic
envelope ofG—this is the algebraic group generated by all extensions of the
representation to the corresponding simple algebraic group. If V is simple,
then it follows by Steinberg’s tensor product theorem that this algebraic
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envelope is just a central product of a copies of the algebraic group where
a is the number of Frobenius twists of V in the tensor decomposition. The
result above is just asserting that G∗ is the algebraic envelope of G for
p ≥ n.
We now prove Theorem D. It suffices to assume that G is generated
by elements of order p. We apply Theorem B. First assume that G is a
central product of quasisimple Chevalley groups—say G = G1 · · ·Gr . Since
G∗ = G∗1 · · ·G∗r and each G∗i is invariant under the Frobenius map, we may
assume that r = 1. Now apply the previous result. The only remaining case
is G = J1 with p = 11 and n = 7 or 8. Then J1 is contained in G211.
Now G∗ is an algebraic subgroup of G2F acting irreducibly on the 7-
dimensional module for G2. It follows that G∗ = G2F and the theorem
is proved.
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